Viscous fingering in non-Newtonian fluids in a rectangular Hele-Shaw cell was investigated. The cell was filled with a 0.5 or 1.0 wt% aqueous solution of carboxymethylcellulose (CMC), a shear-thinning fluid. Air was injected into the cell and the growth of viscous fingers was observed. The velocity of finger tip was characterized by the pressure gradient. A modified Darcy law was able to describe the characteristics of the tip velocity that the growth rate of the tip velocity increased with increasing pressure gradient in the CMC solutions. The prediction of tip velocity with the modified Darcy law indicated that an effective pressure gradient near the tip was larger than the average pressure gradient between the finger tip and the cell exit and that the rate of increase depended on the cell gap width.
Tip Velocity of Viscous Fingers in Shear-Thinning Fluids
in a Hele-Shaw Cell
Introduction
Viscous fingers are observed when a less viscous fluid replaces a more viscous fluid in a Hele-Shaw cell, a pair of plates separated by narrow gap. The interface between two fluids grows to form finger-like patterns. Because of its interesting behavior, viscous fingering in nonNewtonian fluids has attracted many researchers. For example, Nittmann et al. (1) have replaced an aqueous polymer solution in a rectangular Hele-Shaw cell by water. They analyzed the structure of viscous fingers using the concept of fractals and showed that the fingering patterns have fractal character. Daccord et al. (2) have investigated radial viscous fingers in shear-thinning fluids and evaluated the fractal dimension of finger structures. Buka et al. (3) have investigated effects of anisotropy on viscous fingering patterns in nematic liquid crystals. In numerical studies, Wilson (4) has discussed the Taylor-Saffman problem for non-Newtonian liquids using the Oldroyd-B model and the power-law model as a constitutive equation. Fast et al. (5) have numerically computed non-Newtonian Hele-Shaw flows with a viscoelastic constitutive model and discussed a pattern formation of bubble interface.
Yamamoto et al. (6) have numerically simulated the viscous fingering in non-Newtonian fluids in a Hele-Shaw cell by a finite element method in combination with VOF (volume of fluid) method, and showed the relation between shear-thinning viscosity and typical growth patterns, i.e. spreading, splitting, and shielding.
As well as change in fingering patterns, the finger tip velocity and the finger width have been focused on by many researchers. Bonn and Meunier (7) and Lindner et al. (8) - (10) have studied viscous fingering in a rectangular Hele-Shaw cell to investigate effects of shear-thinning viscosity and elasticity on the finger growth. In addition, a modified Darcy law for non-Newtonian viscous fluids was employed to evaluate the tip velocity. Kawaguchi et al. (11) have investigated viscous fingering patterns in hydroxypropyl methyl cellulose solutions in both radial and linear Hele-Shaw cells, and have evaluated the tip velocity and the finger width. The authors' group has also pointed out the effect of shear-thinning viscosity on the fingering pattern and growth in a Hele-Shaw cell (12) , (13) . Most of previous experiments in viscous fingering in Hele-Shaw cells were performed at relatively low injection pressures where no splitting occurs and the tip velocity was measured for the growth of single finger. For applications to the polymer processing, however, the finger growth at high pressure gradients is an interesting issue. For example, phenomena occurring in the gas-assisted injection molding relates to the viscous fingering in poly- (14) - (19) .
In the present study, we have measured the tip velocity of fingers even with high pressure gradients and characterized it in terms of a pressure gradient. Moreover, the relation between the tip velocity and the pressure gradient was analyzed using the modified Darcy law. Figure 1 shows the schematic diagram of a rectangular Hele-Shaw cell used in the present study. The cell consists of a pair of parallel glass plates separated by a narrow gap. The size of the cell is 1 005 mm in length and 120 mm in width, and the gap width H = 2h is 0.2, 0.4, or 0.5 mm; the distance between the inlet and the outlet is 1 000 mm and the diameter of the inlet is 2 mm. The gap is kept at a specific width by a spacer inserted between the plates, and the spacer and plates are fixed by clamps on three sides other than the exit. The glass plates are thick enough, 18 mm in thickness, and hence the effect of bending is negligible.
Experiments

1 Experimental setup and method
The cell was filled with a more viscous fluid at an initial condition and a less viscous fluid, compressed air in the present study, was injected into the cell at a constant pressure. The injection pressure p in was adjusted by a precise regulator and was measured with a pressure transducer, and the fluctuation in p in was within a few percent during the experiments. The experiments were carried out at room temperatures, i.e. 20 -21
• C.
The growth of the fingers was recorded using two digital video cameras (Sony DCR-TRV50) and the recorded images were captured into a computer through a video capture board (Canopus DV Raptor). The tip velocity of viscous finger was evaluated based on a series of the captured images. We used two cameras to record the motion of viscous fingers in the whole region of the cell with a sufficiently high resolution.
2 Test fluids
Test fluids used as more viscous fluids are glycerin, a Newtonian fluid, and 0.5 and 1.0 wt% aqueous solutions of carboxymethylcellulose (CMC, Daicel Chemical Indus- 
Modified Darcy Law
In Hele-Shaw flows, the gapwise velocity is assumed to be zero and the pressure distribution is negligible in the gap direction and hence the averaged velocities in the x and y directions, v x and v y , are expressed by
where h is the half width of the cell gap, p is the pressure, and S is a fluidity defined by
where η is viscosity. In the case of Newtonian fluids, η is constant and hence Eqs. (1) - (3) yield the Darcy law:
When the fluid has shear-thinning viscosity expressed by the power law:
whereγ is the shear rate, k a consistency, and n a power index, Eqs. (1) - (3) yield a modified Darcy law (4) :
The representative shear rate v x /h in the present experiments ranges from about 10 to 10 3 /s. In this range, the viscosity of the non-Newtonian test fluids can be approximated by the power-law, Eq. (6), by dividing the range into two subranges. We decided the parameters (k, n) as (0.83, 0.57) and (0.37, 0.80) for the 0.5 wt% solutions, and Figure 3 shows fingering patterns in the 0.5 wt% CMC solution at p in = 23 kPa and in the 1.0 wt% CMC solution at p in = 33 kPa; The gap width is 0.2 mm for both the cases. In general, a finger splits into more fingers and shielding occurs under some conditions, especially at high injection pressures (12) , (13) as shown in Fig. 3 . In the present study, we investigated the relation between the finger tip velocity and a pressure gradient. When a finger split, we evaluated the tip velocity by that of the most advanced finger. Figure 4 shows the tip velocity v tip in the 0.5 wt% CMC solution at H = 0.4 mm and p in = 14 kPa as a function of average pressure gradient ∆p/l, where ∆p and l respectively indicate the pressure difference and the distance between a finger tip and the cell outlet. The tip velocity globally increases with increasing pressure gradient, while the growth of finger is delayed in some periods, which are indicated by vertical arrows in the figure. In these periods, a finger tip spreads and hence the tip velocity is almost constant or decreases. The tip velocity, however, begins to increase after the finger interface splits into more fingers and one finger starts to grow because of the shielding effect.
Results and Discussion
In Fig. 5 , the relation between the tip velocity and the average pressure gradient at H = 0.4 mm is indicated. The results at various injection pressures are superimposed. As seen in the figures, the tip velocity increases consistently with the pressure gradient in both the Newtonian and nonNewtonian cases. Although the tip velocity is locally affected by the finger growth pattern and shows local increase and decrease as shown in Fig. 4 , the global behavior of v tip is dominated by the pressure gradient and the plots are on a master curve for each test fluid without depending on the injection pressure p in : The tip velocity in glycerin shows linear dependence on the pressure gradient, while that in the CMC solutions has non-linear dependence. Moreover, we can not observe significant deviation from the line in v tip at large pressure gradients, where the splitting is occurring. Consequently, the motion of fingers whose growth is restricted by the shielding effect does not largely affect the global motion of the most advanced finger tip. We observed the similar tendency in the experimental results for H = 0.2 and 0.5 mm. The degree of data spread in v tip is also similar for results of each H.
Although the average pressure gradient seems to be useful to describe the growth of viscous fingering, the tip velocity is dominated basically by the local pressure gradient at the finger tip as indicated in Eq. (7). Hence, in order to analyze the relation between the tip velocity and the pressure gradient in detail, we assume that the local pressure gradient at the finger tip is proportional to ∆p, and introduce the pressure gradient Λ evaluated by Eq. (9). 
where C is a positive coefficient; hence Λ > 0. Since the pressure distribution in the air region is negligible, ∆p is equal to p in . The pressure gradient with C = 1 corresponds to the average pressure gradient between the finger tip and the outlet. When C 1, we denote Λ as an "effective" pressure gradient. The tip velocity v tip in the flow direction is calculated from Eq. (7) to obtain the following equation: Figure 6 shows log-log plots of the relation between the tip velocity v tip and the pressure gradient ∆p/l for glyc- The tip velocity can be characterized by the pressure gradient without depending on the injection pressure p in and shows a power-law dependence; in the case of Newtonian fluid, the power-index n is unity. As shown in Fig. 6 , the tip velocity has power-law dependence on the pressure gradient in both the Newtonian and the non-Newtonian cases. This fact implies that the behavior of v tip can be described by the modified Darcy law. The predictions of the Darcy law with the average pressure gradient (C = 1) qualitatively agree with the experimental data, while they underestimate the velocity especially at large ∆p/l. On the other hand, the predictions with the effective pressure gradient (C > 1) agree with the experimental data. These results indicate that extra pressure drop occurs near a finger tip. The same tendency is obtained in the data for the cell with other gap widths. We estimated the value of C by fitting the prediction to the experimental results. The coefficients C estimated are summarized in Table 1 . In addition, in the case of CMC solutions, the predictions using the model parameters, k and n, for low shear rates and high shear rates agree the experimental data at small and large pressure gradients, respectively.
We think that the pressure gradient increases in the neighborhood of the finger tip and hence the predictions of the Darcy law with C > 1 agrees with the experimental data. It is not easy to measure local pressure gradient or to evaluate the value of C in experiments. Thus it is not clear whether the value of C determined in the present study is reasonable or not. The numerical simulation is a possible alternative. Moreover, the value of C tends to be larger for narrower gap regardless of the kind of test fluids, while the values for H = 0.4 mm and those for H = 0.5 mm are similar. In the case of H = 0.2 mm, the values of C are 1.9 -2.9 times of the counterparts for H = 0.4 mm. It is not clear why the values of C at the same gap width are similar and increases with decreasing the gap width but this fact indicates that origin of the extra pressure drop near the finger tip relates to the gap width and the pressure drop is significantly affected by the gap width. Table 1 Coefficient C for three test fluids at three gap widths h Some causes of the extra pressure drop are possible: When a finger advances, a high viscous fluid in front of the finger flows to detour the finger tip, and it generates extra pressure drop near the finger tip as expected for a flow around an obstacle, and hence the magnitude of pressure gradient increases. In our previous numerical simulation of viscous fingering in shear-thinning fluids in a Hele-Shaw cell (6) , extra pressure drop is predicted in local region adjacent to a finger tip. Figure 7 (a) shows an example of fingering patterns predicted in the numerical simulation in which air was injected at a constant flow rate into a Hele-Shaw cell filled with a more viscous fluid whose viscosity was expressed by the Carreau model. A contour in Fig. 7 (a) indicates the interface at a certain time step. Figure 7 Fig. 7 Numerical prediction of extra pressure drop near a finger tip (6) : (a) an example of fingering pattern in a Hele-Shaw cell and (b) distribution of pressure along the centerline of the cell. The pressure is scaled by that at the cell entrance and the distance from finger tip is scaled by the cell width.
cal conditions in the simulation. At present, it is difficult to perform the computational simulation under the same condition of the present experiments because the present computational method can not simulate highly branched finger shapes observed at large pressure gradients adequately. Consequently, we cannot directly compare the numerical and experimental results. However, the numerical prediction suggests the possibility of the extra pressure drop. It was also predicted numerically, in a computation of gas penetration through viscoplastic fluids in a tube (20) , that the pressure gradient was large in front of a finger tip and the axial velocity locally increased in this region.
In addition, since C depends on the gap width, mechanism connected with the gap width should exist. If the gap is very narrow, the effect of curvature of finger interface is not negligible, which is not considered in the Darcy laws. The interfacial tension is proportional to the curvature of the interface and is a possible cause of the dependence of C on the gap width. Furthermore, in a study of the gas penetration through viscoelastic fluids in a circular tube, which relates to viscous fingering, Gauri and Koelling (17) showed that the flow was complicated and elongational effects were significant around a bubble front. Their results imply that analyses including threedimensional flow around a finger tip and other rheological properties such as elongational viscosity and elasticity are necessary for elucidating local dynamics of viscous fingers.
Conclusion
We carried out the experiments of viscous fingering in non-Newtonian fluids in the Hele-Shaw cell at relatively high injection pressures where the viscous finger splitting occurs. The finger tip velocity was characterized by the pressure gradient and the modified Darcy law was able to describe the tip velocity behavior. The modified Darcy law using the effective pressure gradient, Λ = C ∆p l with C > 1, predicted the experimental data well. In the present study, we experimentally estimated the values of C. However, it is significant for the application to other flows and engineering problems to clarify the parameter determining C and to evaluate C from the parameter. This is a challenging problem. The experimental results showed that C depended on the cell gap. However, the origin of extra pressure drop near the finger tip has not been elucidated yet and hence the issue in the next step is to clarify the mechanism of emergence of the extra pressure drop and the relation between the extra pressure drop and finger growth. Three-dimensional numerical flow analysis might be one of effective methods.
